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ABSTRACT

This report presents an investigation of preliminary design considerations
for a gravity gradient stabilized satellite which utilizes control moment
gyros for demping and control. The study is limited to considering small
angle performance of a rigid single body satellite about the desired earth-
pointing orientation. Provision is made to include the effect of a spinning
vheel which provides a constant angular momentum normal to the orbit plane.
The gyroscopic effect of the wheel increases the stiffness of the satellite
about the earth-pointing axis.

Linearized equations of motion for arbitrary gyro orientations are
derived and then reduced for several specific gyro configurations. For
generality the equations are normalized. The Routh-Hurwitz ecriterion is
utilized to establish the range of parameter values for which the system is
stable. A design study is made to select parameters onthe basis of minimizing
pointing errors due to disturbance torques. For this preliminary analysis
disturbances are assumed to occur at harmonics of orbit rate. Finally, an
analysis is developed to evaluate the effects of gyro imperfections. The
results of these studies provide general guidelines in selecting parameters
for a gyro-damped satellite.
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1.0 INTRODUCTION

This report is concerned with the small angle performance of & gravity
gradient stabilized satellite which utilizes control moment gyros and a pitch
angular momentum wvheel for damping and control. In this study it is assumed
that the configuration of the satellite is that of a single body whose inertias
are to be specified by design considerations. The configuration of the control
moment gyros is restricted to the class of systems vhere two gyros provide three
axis damping or where a single gyro provides two axis damping. The objective of
the report is to present preliminary considerations for designing a gyro-damped
satellite. For this study the primary design criterion is that attitude errors
be minimized during the normal or Earth pointing mode. Design considerations for
the initial acquisition phase are not analyzed.

The small angle design of a gravity gradient stabilized satellite is generally
based on minimizing the attitude errore at frequencies wvhere the disturbance torques
on the satellite are most significant. However, a difficulty arises because the
disturbance torques are functions of system parameters whose values are not known
a priori. To resolve this difficulty, it can be assumed that the major sources of
disturbances occur at the harmonics of orbit rate frequency. Moreover, by assuming
that the disturbances are of equal magnitude at these frequencies, a measure of
the system's pointing capability is obtained by summing the attitude error per unit
disturbance torque at orbital harmonicatl}’: In this way, a preliminary gyro control
system and satellite configuration can be designed on the basis of minimizing the

sumed gains.

Thus the approach of this study was to obtain a set of curves which depict
the attitude error/torque gains as a function of the system parameters. The gains
vere determined at zero, one, two, and three times orbit rate frequency. Prelim-
inary studies were made to assess the effect of system parameters at the individual
frequencies. By this method a suitable range of parameters was selected for
further study. The sumned gain curves and frequency response curves were then
obtained. From this data a set of parameter values was selected on the basis of
minimizing attitude errors. Finally, steady state errors due to gyro imperfec-
tions were determined.

Note: Numbers in brackets correspond to List of References.
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2.0 SYSTEM DESCRIPTION

The system under study involves a satellite which travels nominally about
the Earth in a circular orbit. As a rigid body the satellite will tend to be
oriented by the combined gravity gradient and centrifugal effects such that the
following alignment is met:

l. The axis of maximum moment of inertia is normal to the orbit plane
(pitch axis).

2. The axis of minimum moment of inertia lies along the local vertical
(yaw axis).

3. The intermediate principal axis lies along the velocity vector
(roll axis).

The above alignment is depicted in Figure 1 for an arbitrary rigid body satel-
lite. It is noted that P, @, and ¢ represent attitude errors in the roll, piteh,
and yaw axis, respectively. In the study it is assumed that the satellite's
principal axes of inertia (xa, ya, zu) coincide with the body axes.

Added to the above rigid body satellite are control moment gyros for
attitude stabilization and control. The control moment gyro is a single-degree-
of-freedom, rate integrating gyro. The gyro contains a rotor which is placed
within a gimbal can, mounted on bearings and immersed in a viscous fluid.

Energy dissipation, or damping, occurs when there is fluid shear due to the
relative motion between the gimbal can and the satellite. In general, the gimbal
can motion is restrained by a spring or a torque generator which provides the
torques necessary to maintain a proper orientation of the gyro with respect to
the satellite.

In this study, the investigation is limited to the following two classes
of gyro systems: the so-called "Roll-Vee" and "Yaw-Vee" systems which employ two
control moment gyros; the so-called "Roll" and "Yaw" systems which employ a
single control moment gyro.[z’3’u] Each of these systems is defined by the
orientation of the gyro with respect to the satellite, as shown in Figures 2 and 3.
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Note: SA = Gyro Spin Axis
GA = Gyro Output Axis
1 N = Gyro Skew Angle

Figure 2a. Roll-Vee Gyro Configuration
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Figure 2b. Yaw-Vee Gyro Configuration
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(In these figures, the position of the gyro coordinate axes relative to the
satellite's principal axes is exaggerated for the purposes of illustration.) It
is noted that in the two gyro system the spin axis of each gyro forms a "V" which
is bisected by the pitch axis. In the single gyro system, the spin axis is
nominally along the negative pitch axis. Moreover, it is noted that in the
Roll-Vee or Roll system the output axis of the gyro is along the roll axis. In
the Yaw-Vee or Yaw system, the gyro output axis coincides with the yaw axis.

The way in which control moment gyros damp out an arbitrary motion can be
explained in terms of the rate or torque-seeking property of gyros. When a
torque is applied to a gyro, the gimbal will precess such that the gyro's angular
momentum vector lines up with the applied torque. Thus in the case of a Roll-Vee
or Yaw-Vee system, a pitch disturbance torque will be sought by the two control
moment gyros, resulting in a scissoring motion of the gimbals relative to the
satellite, thus damping out the disturbance. An in-phase motion of the gimbals
will be the result of a yaw disturbance when applied to a Roll-Vee system or a
roll disturbance when applied to a Yaw-Vee system. In either of these systems,
coupling of the motion about the roll and yaw axes permit the two control moment
gyros to provide three axis damping.

In the case of the single gyro system, a disturbance about the gyro imput
axis causes the gimbals to precess and thereby produces damping torques about
that axis. In the Roll or Yaw systems, gyroscopic coupling between the roll and
yaw axes provides damping along both the roll and yaw axes. However, the single
gyro systems do not provide damping of the small angle motion about the pitch
axis. In this case some cther device such as a reaction vheel must be used to

provide pitch damping.

In addition to damping satellite libratioms, the control moment gyro serves
to stiffen the satellite's control about the roll and yaw axes. In effect, the
control moment gyros increases the angular momentum about the pitch axis and
thereby improves the dynamic properties of the system to reduce steady state
errors about the roll-yaw axes. In case the "stiffness” in the roll-yaw axes
is not sufficient, a spinning wheel (pitch wheel) which provides a constant
angular momentum about the pitch axis is added to the control system.
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In this study, the Roll-Vee and Yaw-Vee &To systems are assumed to con-
tain a torque generator to provide a bias torque which is necessary to maintain
the spin axis skewed away from the negative pitch axis. However, in the case
of a Roll or Yaw system, a torque generator is not employed.

3.0 STEADY STATE ANALYSIS '

In this section, the steady state characteristics of a g&ro-damped satel-
lite are investigated. Specifically, the amall angle equations of motion are
presented and the stability criteria for a &ro system are investigated. Ex-
pressions of the gain between the attitude error and the disturbance torques
are developed and discussed. The aim of the analysis is to limit the selection
of system parameters for a preliminary design.

In the Appendix, it i1s shown that the roll-yaw equations of motion for a
Roll-Vee or Yaw-Vee system can be reduced to those of Roll or Yaw system,
respectively, by appropriately defining the system parameters. Consequently,
the steady state analysis will only be concerned with Roll-Vee and Yaw-Vee
systems and the single gyro systems will be treated as special cases.

3.1 Eguations of Motion

In Appendix A a set of small angle linearized equatione of motion are de-
rived for the Roll-Vee and Yaw-Vee gyro systems. To generalize the study
these equations are expressed in terms of the following normalized parameters:

e
L]
i
ﬂ-lp‘
ct

Ix
P =

T
¢ - 2

I
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;H_C%_ » Roll-Vee System
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2 i-‘% » Yaw-Vee System

4

uTKﬁ - E%E » Roll-Vee System
o
A = (
‘-053 - % s Yaw-Vee System
o
m =
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vhere t is time; Ix’ Iy, Iz represent the satellite's roll, pitch, and yaw
inertias, respectively; H, K, D are the control moment gyro's angular momentum,
spring constant, and viscous damping coefficient, respectively; u, Q represent
the angles to vhich the gyro's spin axis is skewed from the satellite's pitch
axis; Bm is the constant angular momentum of the pitch wheel; @y is the orbital
angular velocity of the satellite; and S and C denote the sine and cosine of an
angle, respectively. The resulting equations of motion relate the disturbance
torques (Tgy, Ty,» Ty,) to the attitude errors (9, #, ¢) and gimbal angles

(Al, Az) in terms of the operator p as follows:
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(1)

v = | (2

. 5 1 (o -
2 -
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Pitch: =
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-
b p2 + 4(1-¢) -m - 2n (1-b-c-m-2h) p -h
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(3)

(1)
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The above equations indicate that the pitch motion is independent of
roll-yaw motion. In fact, pitch motion of the Roll-Vee and Yaw-Vee systems are
identical provided that the skew angle of the gimbals are equal (pu = @). This
fact becomes evident when the symmetry of the two gyro orientation about the
pitch axis 18 noted. Thus differences between the Roll-Vee and Yaw-Vee systems
1lie in the motion about the roll and yaw axis.

As indicated in Appendix A, Equations (2) and (4) reduce to the roll-yaw
equations of the single gyro Roll and Yaw systems, respectively, when the
following definitions of the system parameters are incorporated:

H
on

<2

n

'
ol -

y

<
]
'
(=]}

K H
ktu—’;B-O-ﬁ

a = 18°

3
fl

In this case the form of the resulting equations of motion remain exactly the
same as the roll-yaw equations of the two gyro systems.

Implied in Equations (1) through (4) is the fact that the torque generator
provides the following bias torques for the two gyro configurations:

wo HSu , Roll-Vee System

-cno HXx, Yaw-Vee System
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-, HSu , Roll-Vee System

Mo =

@, Ey , Yaw-Vee System
In this way, the torque generator maintains a finite skew angle between the
gyro spin axis and the negative pitch axis. Of course, in the case of the Roll

and Yaw systems, a bias torque from the torque generator is not required.

3.2 Stability Analysis

The characteristic equation of the two systems is obtained by evaluating the
determinant of the square matrices of Equation (1) through (4). The results are
sumarized as follows for the Roll-Vee and Yaw-Vee systems:

Pitch: Aa(p) = T p3 +1) p2 +r,p+r; = 0 (s5)
where

r = 1
o

2.2
r., = ).+z%—s—ﬁ

1 ID
oy

r, = 3(b-c)

Ty = 3(b-c) A

Roll-Yaw: AS(P) = & p5 +a, p,+ + 8, p3 +8g p2 +a, pra; = 0 (6)

where
a = bec

a = beh+hy(bs +c8y)

a, = c [b+i(l-c)-m-2h] + [1-b-c-m-2h] [1-c-m-2h]

2
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a; = )a, - 2y [1-b-c-m-2n]

- by [c-4(1-c)+m+2h] 8, - by [2b-14m+2n] 5,
s, = [¥(1-c)-m-2n] (1-b-m-zn]
&; = \a, -hy [1-b-m-2h] 8, - by f4(1-c)-m-2n] 5,

and

,

1, Roll-Vee System

0 , Yaw-Vee System

'

0 , Roll-Vee System

1, Yaw-Vee System

\

Applying the Routh Hurwitz criteria to the above characteristic equations
Yields the following necessary conditions for stability:

Pitch: b-¢>0 (M
A>0 (8)
Roll-Yaw: n+2h<l-D (9)
by Roll-Vee System
4(1-c) - (m+2n) ?
2> (10)
by Yaw-Vee System

l1-b - (m+2h) ’
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The above inequalities will define the range of parameters which comprise
a stable system. Inequality (7) requires that satellite's roll inertia bde
greater than the yaw inertia, a condition which is readily met. In many satel-
lites the roll inertia in the same order of magnitude as the pitch inertia.
Thus inequality (9) requires in a practical semse that the pitch wheel momentum
vector and the sum of the gyro momentum vectors be directed along the negative
pitch axis. In terms of the eign convention used in deriving the eq\ntibna » the
above conditions can be met by imposing the following range of values for the
pitch vheel momentum (H ) and gyro skew angle (@, u):

Hm £0
180 £ u < 270, Roll-Vee System
180 s @ < 270, Yaw-Vee System

Finally inequalities (8) and (10) impose a lower limit on the values of
spring constants (K) required for stability. When there is no spring restraint,
these inequalities reduce to the following expressions (K = 0):

y<O0
4(l1-¢) - m > 0, Roll-Vee System
l-b%-m>0, Yaw-Vee System

However, these conditions are automatically satisfied by the requirements on
pitch wheel momentum and skew angle which were imposed previously. Thus in
this case, positive values of spring constant will not make the system
unstable.

3.3 Error/Torque Gains at Orbital Harmonics

The steady state response to periodic disturbance torques at frequency N cno
can be determined by setting p = 1 N and solving the set of linear equations for
the attitude errors. At zero and orbit rate frequency, the gain between attitude
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error and disturbence torque are summarized in Table I for the Roll-Vee and
Yaw-Vee systems. In particular, it is noted that the static pitch gain and the
orbit roll gain are independent of gyro parameters in both gyro systems.

The error torque gains of Table I provides some indication of how to mini-
mize the steady state errors at zero and orbit rate frequency. It is clear that
the static pitch gain and the orbit rate roll gain are minimized for large roll
inertia and small yaw inertias relative to pitch inertia. For a dumbbell-ghaped
satellite (b = 1, ¢ = 0), these gains become

|°y% ‘ 19, | a
Ty/ (0, 1) ng(moz 1) 3

vhere °yo is the pitch error due to a pitch distwrbance at zero frequency, hence,
the subscripts y, o. )

In general, the remaining gain expressions of Table I are minimized for
large values of pitch wheel momentum and gyro angular momentum. The effects of
spring constant is not clear. However, when the gyro has no spring restraint,
the static roll gain of the Roll-Vee system and the static yaw gain of the Yaw-Vee
system are reduced to the following expressions which are not dependent on gyro
parameters:

Roll-Vee (K=0):

18, . -
de/(ooz Iy) =C) -m
Yaw-Vee !K-O!:
I'zo' 1
sz/mo2 I S I-% e (12)

In this case, a dumbbell-shaped satellite with a Yaw-Vee gyro configuration will
require a finite pitch vheel momentum for stability and control in the yaw axis.
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Summary of Amplitude Response Equations at Zero and Orbit Rate Frequencies

—
sz/(a)o Iy)

3{1-c) V {1-b-c-m-2n}° + {A[1-b-c-m-2b]-hy}“ equation
|

Amplitude Ratios (Gain) Roll-Vee System Equation S;ir:z;vne;.
FeO:
%! . .
Tdyj(m I) b-c 3(b-c)
Wl X .
Td.x/(‘” 1,) Alh(1-c)-m-2n] -By I(3c)n-zn
|¢z%l i lvxoi . .
sz (mo %) de/(u)o Iy)
_.'ﬁl__ 1 T A . )
1-b-m-2h AMi-b-m-2h)-b
LARACTE W) m m Y
N=1:
Igz l 1+ ;‘2 same as
3 Roll-Vee
Tdy/(w I ) 2 equation
{ A [3(b‘°)'l]'m < D + {3(v-c)-1}
oy
Bl . .
Tod (@, °1,) 3(1-¢] 30-c)
0l el N .
o,/ (@ '1) T,/ 1) Ni-o) e
14, | 1 fu(i-¢)-m-z-b}°+{A[b(1-c)-m-Z0-b]-by}’ ol yee
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At frequencies greater than orbit rate frequency, the gain expressions be-
come extremely lengthy and complex. However, it can be shown that the expression
of the roll gain due to yaw disturbance torques is the same as the expression of
the yaw gain due to roll disturbance torques, or

|2, ()] v, ()]
T,/ (wozzy) T/ (mozzy)

In this study a measure of the attitude errors due to disturbance torques is
obtained by surming the error/torque gain expressions at specific multiples of
orbit rate frequency. This approach is Justified by the fact that the major
sources of disturbances occur at the harmonics of orbit rate frequency. 1In the
case of gyro systems, the magnitude of the error/torque gains become well attenu-
ated beyond three times orbit rate frequency. Thus a set of normalized error
coefficients (weighted attitude errors) can be defined as follows:

2 o, ()| W,
Weighted Pitch Error = Z - (13)
N-o Tay/ % Iy)
1B Wy 8, (0] W,
Weighted Roll Error = Z X la Z | | (14)
veo Tax/(% L) o sz/(u) I, )
| vy 3 ) w,
Weighted Yaw Error = Z 2 5 2N, 2 | (15)
N-0 Taz/ @ Ly)  yop Ta/ (o, Iy)
vhere wyN’ wa N 8re weighting coefficients of the disturbance torques in

pitch, roll and ynw, respectively. The values of the welighting coefficients
depend upon the relative magnitudes of the disturbance torques at each trequency.
For this study the weighting coefficients are set to unity (w =W =1)

xN "~ N
and the magnitude of the disturbance torques is set arbitrarily to W, 2I .
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The summed weighted error functions then become simply

3

Lo = L &

N=0

3
Y8, = ) B +g,m)] (16)
N=0

3
Yoo = ) Lo, + 9, (0)
N=0

In this way, the resulting weighted errors can be easily evaluated to provide a
measure of the satellite's pointing capability. It is emphasized that the simpli-
fied weighted error functions are normalized with respect to Td/(.bozly wvhich has
been arbitrarily set to unity. To obtain a measure of the actual pointing
accuracy, the magnitude of the disturbance torques must be incorporated in the

above expressions as follows:

T
Pitch Error = —%L 2%
on
T
Roll Error = %x 2¢
€
w I
oYy

sz
Yaw Error = — 2 Ve
@y Iy

4.0 PARAMETER STUDY

In this section parameter sensitivity curves are presented for the Roll-Vee
and Yaw-Vee systems. The parameter study is divided into three parts. In the
first part, frequency response curves are obtained for several sets of system
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parameter values. The aim is to limit the range of the system parameters to
values which will be acceptable in a design in which the attitude errors are

minimized. Moreover, the frequency response curves will permit a more meaning-
ful evaluation of the attitude errors when an actual model of the disturbance
torques becomes available.

In the second part of the study the weighted attitude errors of Equation (16)
are evaluated as a function of the system parameters.

In the third part of the study the weighted error results are used as a
basis to compare the design of & gyro control system with that of a reaction
wheel control system.

To rapidly assess the effects of parameter changes on the error/ torque
gains or weighted attitude errors, the STL On-Line Computer was employed.
Specifically, the gain and weighted error expressions of the previous section
were programmed on the On-Line Computer which permits any one of the system
parameters to be treated as a variable. In this way, the gain or weighted
error can be calculated and displayed on the computer's cathode ray tube as a
function of any one system parameter. Finally, to check that a given set of
parameters comprise a stable system, the Routh-Burwitz coefficients also were
Programmed on the On-Line Coamputer.

The On-Line Computer results are collected in Appendix B. Roll and yaw
attitude errors are plotted separately to discriminate between the components
of disturbance torques from which the attitude errors arise. For example, a
"Roll-Yaw" error refers to & roll error due to a yaw disturbance torque. Also
it will be noted that the decimal range of the "X" and "Y" scales are denoted
in terms of a binary scale. For instance, if the figure is denoted by an X
scale of two, the abscissa of the graph ranges from zero to 22, or 4. Unless
specified otherwise, the units of the X and Y scales are dimensionless.

Curves in a given figure are all plotted to the same X and Y scales.
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4.1 Preliminary Parameter Selection

In this study the error/torque gains are evaluated in terms of the follow-

ing normalized parameters:

= normalized roll inertia

o Na

z = normalized yaw inertia

= normalized gyro momentum

B
D = gyro galn

pu=a= gyro case (skew) angle

m—Kﬁ = normalized spring constant

o

Hm
IT - normalized pitch wheel momentum
oy

It is obvious that unless the above parameters are restricted to a small range
of values, the number of possible combinations of e given set of parameters is
very large and the parameter study becomes unweildy.

In order to limit the number of combinations for the parameter study, a
range of parameters was selected initially on the basis of hardware considera-
tions and the stability results of the previous section. The On-ILine Computer
was then utilized to display the error/torque gains at zero, one, two and three
times orbit rate frequency as a function of the system parameters. These
curves enabled selecting a range of parameters which not only produced reasonably
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small gains but also constituted a stable system. Based on these results, the
parameter study was limited to the following values of system parameters:

I

X
- - 1.0’ .8‘ 06
IY

I
I£ = ;92’ 02' -h
y

:
oI = 1, 2, 4
o'y
% = 5,1, 5
p=a= 210°, 220°, 2u0°
mLD =0, .51,2, 10
[+]
B .

= 9, _2, -
moiy

A base-line system was chosen which is represented by the set of parameters
underscored in the above list. These parameters were selected on the basis of
minimizing the error/torque gains at the harmonics of orbital frequency. In
the subsequent sections, the parameters are varied about the base-line system
to evaluate their effects on the system's frequency response and weighted
attitude errors. From this data the system's transient response and pointing
accuracy can be evaluated.

4.2 Frequency Response

The first set of parameters which are investigated involves a system where
the roll and pitch inertias of the satellite are equal and where there is
no pitch vheel. Figure B-1 is the frequency response of a Roll-Vee system
with and with a light spring
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restraint. It is clear that a spring restraint degrades the error/torque gains
especially at the resonance frequency and thus provides a lightly damped transient
response. As a result, a large spring restraint for a Roll-Vee systiem is un-
desirable.

On the other hand, analysis of Section 3.3 indicates that the above satel-
lite with a Yaw-Vee gyro configuration is unstable in yaw without a spring re-
straint. Figure B-2 indicates the frequency response of a Yaw-Vee system for
several values of spring constant. For decreasing values of spring constant the
pitch response is improved but the yaw response at low frequencies is degraded.
A spring constant near the value of wOD provides a reasonable frequency response

for the Yaw-Vee system.

In Figures B-3 and B-4 the frequency response of a Roll-Vee and Yaw-Vee
system is depicted for several roll-pitch inertia ratios of the satellite.
When the pitch inertia is fixed, the roll and yav gains are relatively insensi-
tive to the satellite's roll inertia. The pitch gains, however, are signifi-
cantly amplified at low frequencies by a reduction of the satellite's roll
inertia relative to its pitch inertia. Thus for the values considered, an
inertia ratio of unity (I x/ IT = 1) provides the best pitch response for the two
gyro configurations.

The effect of the satellite's yaw and pitch inertias on a Roll-Vee and
Yaw-Vee frequency response are presented in Figures B-5 and B-6. For both
systems a small yaw inertia relative to the pitch inertia is preferable in order
to minimize low frequency pitch errors. The Roll-Vee roll and yaw response are
found to be relatively insensitive to yaw inertia. In the Yaw-Vee system the
effect of incressing the yaw inertia shifts the roll-yaw resonance frequency
towards orbit rate frequency where major disturbance sources exist. Thus, a
satellite which has a small yaw inertia relative to ite pitch inertia is pre-
Terred.

The case angle refers to the nominal direction vhich the gyro's spin axis
assumes with respect to the satellite's pitch axis. In Section 3.2, the
analysis indicates that a case angle between 180° and 270° is necessary to
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insure system stability. At a case angle of 180°, the gyro spin exis is along
the negative pitch axis and there will be no damping of motion along the pitch
axis. On the other hand, as the case angle approaches 270° there is less damp-
ing of the motion along the roll or yaw axis, depending on the gyro configurationm.

Figure B-7 and B-8 depict the frequency response of Roll-Vee and Yaw-Vee
gYro system for several values of case angles. A case angle of 220° provides
relatively small roll and yaw gains and does not amplify pitch gain at the
resonance frequency (1.5 mo). Case angles much above 220° significantly in-
crease the roll-yaw gains and those below 220° degrade pitch damping in either
of the two gyro systems.

The effect of gyro gain on the Roll-Vee and Yaw-Vee systems is shown in
Figures B-9 and B-10. Gyro gains much greater than unity tend to increase the
pitch and yaw gains near orbit rate frequency and roll gains near twice orbit
rate frequency for the Roll-Vee system. On the other hand, gyro gains below
unity tend to emplify the gains at resonant frequency and thereby degrades the
system's transient response. Gyro gains affect Yaw-Vee pitch gains in the
same manner as in the Roll-Vee system. Unlike the Roll-Vee system, the roll-yaw
response of the Yaw-Vee system is relatively insensitive to gro gains except
for the low frequency yaw gains which increase with gyro gain. Therefore,
within the values considered, a gyro gain of unity provides the best frequency
response for both configurations.

In the previous section, it was noted that large values of gyro angular
momentum tend to reduce the magnitude of the error/torque gains. This result
is verified in Figures B-1l1 and B-12 vhere the frequency response of the Roll-Vee
and Yaw-Vee systems are shown for several normalized values of gyro ﬁomentm.
However, besides reducing the gains, an increase in the gyro momentum from
‘“on to lknon shifts the resonance frequency from 1.5 ©, to l.2@,. This
effect is especially critical in the Yaw-Vee system vhere the roll and yaw
resonance amplitude increase significantly with the corresponding shift in the
resonance frequency. This is an undesirable trend because disturbance effects
are prominent at and near orbit rate frequencies. This gyro momentum values
much beyond lknon gshould be avoided.
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The last set of frequency response curves pertains to a satellite system
vhich employs a pitch wheel. As indicated by the equations of motion, a pitch
wheel does not affect small angle pitch response but does increase the angular
momentum of satellite's pitch axis to stiffen the control about the roll and
yaw axes. The latter effect is shown in Figures B-13 and B-14 for the Roll-Vee
and Yaw-Vee systems. Pitch wheel momentum significantly reduces roll and yaw
gains except at the resonance frequency. As in the case with gyro momentum,
larger values of pitch wheel momentum shiftg the resonance point toward orbit
rate frequency.

L.3 Weighted Error Results

Based on the frequency response results, some limitations are imposed on
the system parameters which will be used to determine the weighted attitude
errors. First, the case angle is restricted to a value of 220° in order to pro-
vide adequate control in the pitch axis ae well as the roll-yaw axes. Secondly,
the lower limit of the gyro momentum is restricted to the value of a)on, the
angular momentum of the satellite. For the Roll-Vee configuration, no spring
restraint is employed since it was found to be undesirable from the standpoint
of frequency response. The Yaw-Vee configuration, however, is given a light
spring restraint to stabilize the system and to reduce error/torque gains.

In Figure B-15 the weighted pitch error is plotted against gyro momentum
with normalized spring constant as a parameter. When the spring constant is
zero as in the case of the Roll-Vee system, it is noted that the pitch error
decreases with increasing values of gyro momentum. However, vwhen a light
spring restraint is used as in the case of the Yaw-Vee system, the effect of
gyro momentum on the weighted pitch error ie not the same. As indicated in the
frequency response of Figure B-12, large values of gyro momentum reduce pitch
gains at twice orbit rate frequency but at the expense of increasing the gain
at orbit rate frequency. As a result, the weighted pitch errors of the Yaw-Vee
system may either increase with gyro momentum or remain relatively insensitive
to gyro momentum, depending on the value of the spring constant.
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The effect of gyro gain on the weighted roll and yaw error 1s shown in
Figure B-16. Weighted errors are minimized for small values of gyro gains,
however, they are not significantly reduced for gyro gains below unity.

To evaluate the effect of sstellite inertias, the weighted errors are pre-
sented as a function of normalized roll inertia with normalized yaw inertia as
a parameter. For the Roll-Vee system, Figure B-17 indicates that the weighted
roll and yav errors are relatively insensitive to nmormalized roll inertia. The
weighted pitch error, however, is reduced as the roll inertia approaches the
value of the pitch inertia. Moreover, the weighted errors are minimized for
a small yaw inertia relative to the pitch inertia. In fact, wvhen the yaw inertia
is decreased from .4 Iy to .05 Iy, the weighted errors are reduced by about 25%.
Thus a satellite with a large roll and pitch inertias relative to the yaw
inertia is desirable to minimize the attitude errors. Moreover, since the
welghted errors must be multiplied by a factor of Td. mozIy to obtain the point-
ing errors, a large value of pitch inertia is desirable to reduce the effect of
the disturbance torques.

Figure B-18 shows the effect of roll and yaw inertias on the weighted
errors of a Yaw-Vee system without a spring restraint. The inertia effects on
the weighted roll error are the same as that for the Roll-Vee system. However,
the weighted yaw error is very semsitive to roll inertia as it approaches the
value of pitch inertia. Under these conditions, the yaw galn at zero frequency
makes the largest contribution to the weighted yaw error. By employing a gyro
spring restraint, the Yaw-Vee system becomes relatively insensitive to the
roll-pitch inertia ratios, as shown in Figure B-19. The magnitude of the
weighted yaw error is significantly reduced. In fact, the extent of the im-
provement in yaw overshadows the relatively small increase in the roll and pitch
errors which result from the use of a spring restraint. Thus a light spring
restraint is recommended for the Yaw-Vee system.

In Figure B-20, the weighted roll and yaw errors are evaluated as a function
of gyro momentum with pitch wheel momentum as a pareameter. Errors are
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eignificantly reduced by increasing the angular momentum of either the gyro or
the pitch wheel above the value of mOIy. However, beyond momentum values of

o T

oly? the reduction of the errors is not significant.

L.k Single Gyro Results

The weighted error results for a Roll and Yaw gyro system are presented in
Figures B-21 to B-2L (in these figures, the terms "Roll-Vee" and Yaw-Vee" refer
to the Roll and Yaw systems, respectively). In general, the sensitivity of the
roll and yaw errors due to system parameter variations is the same as that dis-
cussed for the Roll-Vee and Yaw-Vee systems. An exception is the effect of the
satellite's roll inertia on the weighted errors. Roll and yaw errors of the
Roll system are improved when the satellite has a small roll inertia relative to
the pitch inertia. However, as the angular momentum of the gyro increases beyond
the angular momentum of the satellite, the improvement in the weighted errors is
not significant.

4.5 Sumary of Parameter Variation Results

In summary, typical values of weighted attitude errors are compared for
particular Roll-Vee and Yaw-Vee gyro configurations. Table II lists the data
for a system which employs large gyro angular momentum but no pitch vheel and a
system which employs smaller gyros and a large pitch wheel momentum. Weighted
roll and yaw errors for each of the systems are comparable in magnitude.
However, pitch errors are smaller with larger values of gyro'momentmn. Thus
in terms of minimizing the dynamic errors about all axes, it is more desirable
to increase the angular momentum of the gyro than to make use of a pitch wheel.

Typical weighted errors for a satellite with a Roll or Yaw gyro configura-
tion are listed in Table III. Only weighted roll and yaw errors are presented
since 1t is assumed that some device other than control moment gyros is used to
damp the pitch axis motion. The Roll system with a large pitch wheel momentum
provides the smallest roll and yaw errors. A comparison of the data in Tables II
and III shows the magnitude of the weighted roll and yaw errors are comparable
between the single gyro and the two gyro systems.
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TABLE II
Weighted Attitude Errors of Two Gyro Systems
» Welighted Weighted Weighted
System [Pitch Error Roll Error Yaw Error

(M/Tdy/a’ozIy) (Rﬁ/TdJmozIy) (Rad/sz/mozIy)

CORNRED | e | s |
e g sme | L 104 148
I Aol v syt ) 1™ 1.09 232
IV. Yaw-Vee System 1.61 1.07 1.35

(Pitch Wheel Added )

*
System Parameters:

Ix

+ = 10

y

IZ

'I_ = 105

y

r: O , Systems I and II
mon 4 , Systems III and IV

l , Systems I and II

ony { 1l , Systems III and IV

p,a= 220°

1l

(=11
f

K {O » Roll-Vee System
moD 1l , Yaw-Vee System
W
Note: Gyro momentum values account for the differences in weighted pitch error
between Systems I and III.
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TABLE III

Weighted Attitude Errors of Single Gyro Systems

* Weighted Roll Error Weighted Yaw Error
System 2 2
(Rad/Ty /oo, Iy) (Red/T,, /o Iy)

I. Roll System

(No Pitch Wheel) 1.k 1.5
II. Yaw System

(No Pitch Wheel) 1.2 1.9
III. Roll System

(Pitch Wheel Added) 1.1 1.1
IV. Yaw System

(Pitch Wheel Added) 1.1 1.4

%*
System Parameters:

I

T = 1.0

y

I

z

T = .05

Yy

IHml 0, Systems I and II

wI—{
o

4 , Systems III and IV

«

L , Systems I and II

E {

©ly Y1 . systems IIT and IV
:

= = 1

D

K 0 , Roll System

D ’{

(o) 1l , Yaw System
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The values of the parameters which are listed for the gyro systems in
Tables II and III represent a reasonably good selection in view of their effects
on the weighted errors. Without a disturbance model it is not clear whether
these parameter values are optimum with respect to minimizing the weighted
errors for a particular configuration. However, these results can serve as &
starting point for a more detailed design of a control moment gyro system.

4.6 System Comparisons

In this section the weighted attitude errors of a reaction vheel system
and a control moment gyro system are summarized to compare the pointing capa-
bility of the two systems. The specific values of the weighted errors are
based on the results of the two reaction wheel configurations described in
Appendix C and on the Roll-Vee and Roll gyro configurations of the previous

section.

In Figure 4, a bar graph of the weighted attitude errors is plotted for
the two types of control systems. Each bar in the figure indicates a range
of weighted errors to account for the range of values which the system param-
eters can assume in a given design. This range between the least and worst
errors is represented by the unhatched portion of the bar graph.

The date indicates that when no pitch wheel is employed, a reaction vwheel
system results in a yaw error which 1s approximately the same magnitude as
that of the gyro system. However, the roll and pitch errors of the reaction
wheel system are somewhat smaller than those of the gyro system. On the other
hand, the use of a pitch wheel in either of the two systems reduces the magnitude
of the roll and yaw errors. In fact, the two eystems with a pitch wheel have
comparable values of weighted roll and yaw errors. Of course, the pitch wheel
has nc effect on the pitch errors.

The results show that a control moment gyro system and a reaction wheel
system produce comparable roll and yaw errors. If a small pitch error is re-
quired, a single control moment gyro can be used to damp the roll-yaw motions and
another device such as a reaction wheel can be used to damp the pitch motion.

In this way, a single control moment gyro and a reaction wheel can be combined
to minimize the weighted errors.
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5.0 GYRO ERROR ANALYSIS

In Section 3.1, the equations of motion were derived for a Roll~Vee and
Yaw-Vee system under the assumption that the two control moment gyros were
identical and were symmetrically oriented with respect to the satellite.

Under this assumption, attitude errors result solely from external disturbances.
However, non-identical gyros and/or non-symmetric &ro orientation will add to
the system a net non-zero torque which must be overcome by an equal and opposite
gravity gradient torque. In this case, additional attitude errors result.

In this section the expressions of the constant attitude errors due to
non-idealities of the control moment gyro are derived and discussed. Both
Roll-Vee and Yaw-Vee gyro orientations are considered.

5.1 Derivation of Steady State Error Matrix

In terms of the notation used in Appendix A, the gyro parameters are
re-defined as follows:

HDi = H + AHi
Di = D+ AD1
Ki = K + Mi

( Wy HSu + aM 217 Roll-Vee System
Mgl =

-wo Hx + aM 1 Yaw-Vee System

[, Esu + &M ;, Roll-Vee System
M, = <

\ wo HSx + AM32 » Yaw-Vee System

vhere AH:I.’ ADi, AKi, AMgi represent gyro i's discripancy from the nominal &yro
momentum, viscous damping coefficient, spring constant, and torque generator
output, respectively. To account for the non-symmetric orientation of gyro i
with respect to the satellite, the following angular relations are assumed:
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Roll-Vee System:

a = 90+
By, = N+ 8,
B = B + Ay
M, = -(n + o)
Yaw-Vee System:
B, = &8
By = &y

a, = 90+(:!-0»Az:L

d, = 90-(a+m2)

where Aai » ABi » Aui represent gyro i's angular discrepancy from the nominal
displacement in yaw, pitch and roll axis, respectively. The equations of motion
can be obtained by substituting the above relationships into Equationms (a.18),
(A.29), (A.20) and (A.31) of Appendix A. By assuming zero disturbance torques
and by neglecting higher order terms, the equations can be reduced to the
following steady state matrix:

o, 0 0wy 8y 1 [% | ] Tr 1
&1 %2 %23 ° ° Os Tre
0 0 a3 8y 831 |V |7| '3 amn
81 0 843 By, 0 Aes Toy
%51 © %3 % 5| |fees| |5
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where the ¢as’ Ogg» Vgg TePresent the steady state errors in roll, pitch, yaw,
respectively; Alss’ A288 are the steady state gimbal errors; 8, J are normalized
elements defined as

8, = u(l-c)-m-m-h@+§ﬁ)+g—§lf;(ml+%) 5l+g-%;(cal+m2) 5,
s [0 - Bran ]o - Brm s,
°15=‘[h(1+ﬁ§_2)' 2_]5 Icezz

8, = -b (@ +am) s - i—:—% eg-l—-a-%)+h(ml-m2)]5

[+
]

22 3 (b-C)

o
I

o
23 © 'L}:_:Pfy(f':‘l'—n‘a‘)*h(“ﬁ'mz)Jal'u’:Ty(A“l*A“z) 5

28
- -bem- epn (=2 4 —_2) , HSp . BSx
&3 1-b-m-2h-h (Az + 3 ) + xy (G +ouy) &) mon(mlmz) 5,

ooy - B oy - [ J
&, = [—-—ae x 1+—-— -—-m 5
34 ony 1 ony ( wI 2
H
835 =[w1m2 wIm] [ 1+T mIm]
[] [« 2’4
AH
H 1) _ HSu -[E
8, = '[nc“(l" i D A“:.l&l [le,]sz
[% -EMJG_!E(1+ﬁ)-@M .
8,3 % -3 177D H D 2
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K+AK

Pat:
Bx 1 Hx
ek {_—E(“ —‘““1]51 TO7 "'n-mx]f’
HC A, ms B
51 = '[_‘5’*(“?)"‘#*%]51-[5@2]5
B BS
53 [b“’z*‘nﬁmz]ﬁ‘ (1*T mz]

£

K + &K, aH
= —2 | B _ - HCa AR : 4
855 D [D (1+ A“z] D(l*’x) Dm‘z]"z
and Tri are constant forcing terms which are given as follows:
S e N B )]y - B (e ) 0
rl oI \E ~E Ay - o T, Ay + 4, 5
y o'y

TrZ =0

oH
B A 4
r3 = B (o +m)5l+m1 (‘3;"’11_)”‘(“1"”2)]5
AH P
B Pa Dy, B E é“.sl_ %y , Bx
[DS“C:Hsu*'H)*D“‘;]E’l*[Dm onsu*n)*nm)]f’z
[HSECMgZ +Aﬂz) HCu | I +[g_mC"52 4l, Hm.imz]a
5 D \wisa *E/ D 5 B - H/)"D °

From the constant forcing terms Tri » it is evident that the main sources of
errors are represented by the following gyro non-idealities:

L)
n

-3
=
|

by

]
n

1. Gyro momentum offsets (AH:I.)

2. Torque Generator Output Errors (&M
3. Gyro Roll Misalignment (Ap.i)

4. Gyro Yaw Misalignment (mi)

The other non-idealities affect the steady state errors indirectly through the

elements a, 3 in Equation (17) and are not considered in this study.
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5.2 Evaluation of Steady State Errors

In this section the steady state errors of Equation (17) are evaluated.
Unlike attitude errors due to disturbance torques which are normalized with respect
to Td/u:ozly, the attitude errors due to gyro non-idealities are expressed directly
in radians {or degrees).

A particularly common source of errors occurs when there exists momentum
offsets (AHi) in the two control moment gyros. By solving Equation (17) the
steady state attitude errors due only to gyro momentum offsets can be expressed

as follows:

Roll-Vee System:

814 !
Tea ~ ;-h_h Ty - 855 Tr5
bes = St | 51 (28)
811 " \Ta ia )
4 55
%) = 0
88
Vs = O
Yaw-Vee System:
= 0
ss
O = O
a
- _}2
Vg ( ) (19)

855

Gyro momentum offsets affect only the roll axis in the case of the Roll-Vee

system or the yaw axis in the case of the Yaw-Vee system. As illustrated in
Figure 5, unequal momentum values between the two gyros produce a total gyro
momentum vector which is not colinear with the orbit rate axis. As a result,
the orbital motion of the satellite couples with the gyro momentum vector to
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//’_,,)Toul Gyro Angular Momentum
7 —a

y = 7 ()
/ Orbital Angular Velocity

7

g

Pigure 5

Vector Relationships for a System with Gyro Momentum Offsets
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produce a torque about the roll axis in the Roll-Vee system or a torque about the
yaw axis in the Yaw-Vee system. The magnitude of the resulting attitude errors
are obtained by substituting for the terms in Equations (18) and (19). By
neglecting second order effects, the steady state attitude errors are reduced to
the following expressions:

Roll-Vee System:

K
T e Sl
K__HCu|\E ~H
¢BS— o ._I.S_ (20)
OH fat.| w D
c) -m-h (== + —2)- )
4(lec) - m h(H +H) 2h K K
W D
Yaw-Vee System:
X_
HSa) oD (A_H_l__mz)
1) | X m| \F T
Y @D D
°
Vo = : T (21)
Fal.| AH wD
1-bnen (7 + ) - & | 5w
25D

The effect of employing a gyro spring restraint on the system can be noted
in the asbove equations. When there is no spring restraint (K = 0), 1t is evi-
dent that gyro momentum offsets do not contribute to the steady state attitude
errors. In this case, the gimbals of each gyros are free to rotate until the
total gyro angular momentum vector is colinear with the orbit rate axis. On the
other hand, a spring restraint couples the motion between the satellite and
gyros. As a result, gyro momentum offsets produce a finite attitude error on
the satellite.
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In Figures 6 and T the attitude errors of Equations (20) and (21) are

plotted against values of pitch vheel momentum with gyro spring constant as

a parameter. A nominal 5% offset is assumed in the angular momentum of each
gyro,( |A81/B| = .05). For no pitch vheel bias and a spring constant of @D,
the steady state roll error is .h5° in the Roll-Vee system and the yaw error
18 2.4° in the Yaw-Vee system. For this source of attitude error it is clear
that a Roll-Vee is preferred to a Yaw-Vee system. It should be noted that a
small spring constant. and large pitch vheel momentum are desirable to reduce
the above attitude errors.

For the Roll-Vee system, the expressions of the steady state errors due to
asymmetric gyro orientations (Aui R Azi) and torque generator errors (AM 81) are
sumarized in Table IV. These expressions represent approximations of the
errors since the second order effects were neglected in the derivation. The
table lists, as two limiting cases, the error expressions for systems with no
spring restraint (K = 0) and for systems with a large spring restraint
(XK >> @ HCu). It is noted that the most critical of the listed sources of
error is misalignment of the gyro asbout the yaw axis. In fact, for a system with
equal roll and pitch inertias (b = 1) but no pitch wheel, yaw misalignment (mi)
causes the satellite to precess about the yaw axis until the following yaw
error 1s obtained:

- Ml + aaz

'ss 2

Thus, in this case the magnitude of steady state error 1s in the order of the
gyro's yaw misalignment.

In Farxe 8, the yaw error due to gyro yaw misalignment in a Roll-Vee system
is plotted against values of pitch wheel momentum. In the figure a nominal yaw
misalignment of 1° is assumed for each gro. It is clear that a pitch wheel
significantly reduces the steady state yaw error. In fact, with a pitch wheel
momentum of hmon, the resulting yaw error is .28° as compared to a yaw error
of 1° when no pitch wheel is employed.
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In a Roll-Vee system, an error in orienting the gyro's spin axis relative to
the satellite's pitch axis is referred to as a roll misalignment (A“"i)' Roll
misalignment affects the gyro's angular momentum vector in the pitch-yaw plane
such that a gyroscopic torque is applied about the satellite's roll axis. As
in the case of gyro momentum offsets, a roll error may result depending on
vhether or not a spring restraint is employed. In fact, Table IV indicates
that the roll error due to roll misalignment is very similar in character to
the roll error due to gyro momentum offsets.

In Figure 9, the effect of roll misalignment is evaluated for a Roll-Vee
system. It is assumed that the system employs relatively stiff springs
(K >> u.)o HCi) in order to evaluate the worst case roll errors. A nominal roll
misalignment of 1° in each &yro results in a roll error of .28° when no pitch
wheel is employed. In comparing the attitude error resulting from roll and yaw
misalignments, the effect of roll misalignment is found to be much less pro-
nounced.

Finelly, the effect of torque generator output errors is evaluated.
Nominally, the output of a torque genmerator is used to buck out the gyroscopic
torque which results from maintaining a finite skew angle between the gyro
spin axis and the pitch axis. If the cancellation of the sbove torques is not
exact, there results a net torque (Mgi) about the output axis of the gyro,
which is arbltrarily designated as a torque generator error.

In a Roll-Vee system, a torque generator error results in a satellite
roll error which can be expressed as follows:

-n (H-gﬂ) [M
mo HSp

ss om K
X _H_C_p_] 4(l-c) - m - ——-—-———( : )
2 Lo
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In Figure 10, the above roll error is plotted against values of pitch wheel
momentum with spring constant as a parameter. A nominal 5% error is assumed on
the torque generator output (IAMéi/wb Bsu| = .05). It is evident that the result-
ing roll error is reduced by the use of pitch wheel. The magnitude of the roll
error is comparable to the error resulting from gyro momentum offsets when the
spring constant has a value of me. However, unlike gyro momentum offsets, the
torque generator errors produce a roll error which decreases with larger values

of spring constant.

For the Yaw-Vee system, it can be shown that the steady state errors due to
gyro non-idealities are generally larger than those of the Roll-Vee system. The
primary reason is that the Yaw-Vee system contains less "dynamic stiffness"
between its yaw axis. For instance, Equations (20) and (21) indicates that the
errors due to gyro momentum offsets in a Roll-Vee and Yaw-Vee system differ by
the terms 4(l-c) and 1-b, respectively. Since the term 4(1l-c) is greater than
1-b in most satellites, the resulting errors of the Yaw-Vee system is larger
than that of the Roll-Vee system.

6.0 COKNCLUSIONS

In this study, parameters for a gyroc damped satellite were selected on the
basis of minimizing error/torque gains summed at orbital harmonics. Coupled
with an error analysis of gyro non-idealities, this approach leads to the follow-
ing guidelines in selecting the system parameters for gyro-damped satellite:

a. To minimize errors due to disturbance torques, the roll and yaw inertias
of the satellite should be in the same order of magnitude while the yaw
inertia should be small relative 1o the pitch inertia.

b. To reduce dynamic errors and to de-sensitize the control system to
parameter variations, the angular momentum of the gyros and the satel-
lite should be in the same order of magnitude. Additional angular
momentum may be provided by the gyros or by a pitch momentum wheel to
increase the stiffness about the roll-yaw axes and thereby reduce the
dynamic errors. In particular, the pitch wheel is especially effective
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in reducing errors due to gyro non-idealities such as gyro yaw mis-
alignment. In either case, momentum values much beyond ha)oly should
be avoided since an increase in the angular momentum shifts the
system's resonance frequency toward orbit rate frequency.

To provide reasonable damping characteristics, the gyro gain should be
in the order of unity (% = 1) and the gyro spring constant should be
relatively small (K ~u>°D). For the Roll-Vee system, the steady state
errors due to gyro momentum offsets and gyro roll misalignments are
minimized when the gyro spring constant is zero. For the Yaw-Vee
system, a small spring restraint is required to stabilize the system
and to reduce dynamic errors.

The results of the study also provide a means for making comparisons between
gyro configurations and damping systems. Specifically, the following conclusions
are listed:

A Roll-Vee gyro configuration is preferred over a Yaw-Vee configuration
based on the fact that the former results in smaller errors due to dis-
turbance torques and gyro non-idealities. lLarger errors result in the
Yaw-Vee system mainly because of its smaller stiffness about the yaw

axis.

The single gyro Roll and Yaw system results in dynamic roll-yaw errors
which are comparable in magnitude to those resulting in the Roll-Vee

and Yaw-Vee systems.

Based on errors due to disturbance torques, a reaction wheel system
and a control moment gyro system produce comparable roll and yaw
pointing accuracy. The reaction wheel system achieves better point-
ing accuracy about the pitch axis. By employing a single gyro to damp
the roll-yaw motion and a reaction wheel to damp the pitch motion,

the resulting control system provides pointing accuracy comparable to

a three reaction wheel systen.
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APPENDIX A

Derivation of Equations of Motiom

In this appendix small angle equations of moticn are derived for a satel-
lite which includes a pair of control moment gyros for damping. For generality,
an arbitrary orientation of the gyros relative to the satellite's body axes is
initially considered. These generalized equations of motion are then reduced
to specific gyro configurations.

In this derivation, it is assumed that the control moment gyro acts as an
ideal rate integrating gyro which containes a torque generator and a spring
restraintg(inertia for the gyro is neglected). Moreover, it is assumed that the
satellite includes a wheel spinning at a constant speed along the pitch axis.
For this small angle study, the angular limitation imposed by gimbal stops are
not considered. The symbols and notation used in the derivation are listed in
Table A-I.

A.l Coordinate Systems

Consider a right-handed set of geocentric coordinmate axes (xo, Yo zo) in
which the Eo axis points toward the earth center and io axis is normal to the
orbit plane. Consider a corresponding set of body axes (xa, Yq? za) which
coincides with above geocentric coordinates when there is no attitude error. As
shown in Figure A-1, the body axes can be obtained from the geocentric axes by
three successive rotations, §, 9, @ about yaw, pitch, and roll axes, respectively.
Using small angle approximations the transformation matrix (QAO) between the
body and geocentric axes becomes

Qo = -4 1 ¢ (A.1)

It is assumed that the satellite principal axes of inertia coincide with the
body axes.
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TABLE A-I

List of Symbols
(xI, Ypr zI) Geocentric, inertial reference set
(xo, Yo zo) Orbital reference set
(xa, Yy z‘) Body (satellite) reference set
(xic’ yic’ zic) Gyro case reference set of gyro i
(xig’ Yig? 2 18) Gyro gimbal reference set of gyro i
Bi’ Hys Oy Transformation angles from "A" set to "C" set
Ai Gimbal angle of gyro i relative to its equilibrium position
Hm Angular momentum of pitch wheel
HDi Angular momentum of gyro 1
Di Viscous damping coefficient of gyro 1
Ki Spring constant of gyro i
Mg 4 Torque output of generator in gyro i
w Orbital angular velocity
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Figure A+l. Orientation of Body Reference Axes
Relative to Geocentric Reference Axes
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The orientation of the i-th gyro (i = 1, 2) relative to the satellite's

body axes can be described by a transformation matrix, Q

QYe,a =

vhere S and C is an abbreviation of sine and cosine.

rl 0
0 CBi
() -Sai

P
Cui 0
Q b H
S;'xi 0

—

- Sui
0

Cpi

1C, A

0y

-&i

0

-

» vhere

(A.2)

The angles Q,, W, and B, vhich relates the case of gyro 1 (1 =1, 2) to
the body axes are defined in Figure A-2. The gimbal error angle A:I. relates the
gimbal axes to the case axes of gyro i in the matrix, Q:I.G c? where

2

for small

1G,C

A A4

angles 4

CA

0

b

-SA

i

SAy

CA

pa

0

Combining Equations (A.2) and (A.3) ylelds the matrix QiG A oF
?

where

€11
8412
8113

821

Qc,a " Qg0 Yc,a T [gikd]

= Cuy Coy - Ay (CBy Sy - 88, Sy, Oxy)

= Cu S, + 4 (0B, Oy + 388, Sy &)

= Sy +A S Cuy

= -Ay Cuy Qa, - OBy 52, + 5B, Suy Oy

(A.3)

(a.3)
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a. Main Body to Gyro Case Coordinates

= Spin reference axis for case
of gyro 1

11 = Input reference axis for case
c
of gyro 1

1 4o = Output reference axis for case
of gyro 1

b. Gyro Case to Gimbal Coordinates

80

ig

A ic

"

NOTE:
= Gimbal spin axis of gyro 1
= Gimbal input axis of gyro 1

x
b4
s = Gimbal output axis of gyro 1

& & &

Figure A-2. Main Body-to-Gyro Transformation Geometry
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8122 = ~Ay Cwy Ty + 0B, Cay + 8, Sy Sy
8123 = Ay Sy + 8B Cuy

g3 = By Sy + 0By Sy Gy

Bi32 = -y Oy + 0B, S, Bay

Bi33 = OBy Cuy

A.2 amics

Newton's Second law applied to the satellite provides the following
equation:

@), - @; - @, (a.5)

wvhere

H = total angular momentum of the satellite with the &ros and constant
momemtum wheel,

M = external torques acting on the satellite,
and the derivatives are with respect to inertial space.

But the total angular momentum can be expressed as

@)y = 4, - (@),

where
= transformation matrix from principal body axes (A) into inertial
axes (I).

Differentiating the above equation and transforming the result into
principal body coordinates yeild



8427-6005-RU0OO

Page 53
O () = Q - 1A [(E)A + by, x (8),]
Q (&), = (B), + &, x (),
or
(), = (B), +dy x (B), (4.6)
vhere

(LIA = total angular velocity of the satellite with respect to inertial

space.

The external torgues may be divided into gravitational torque E‘G and dis-

turbance torques Td’ or

For small attitude errors, gravity gradient torques can be expressed 55[5 ]

~\

2
‘I'Gx = -3 u)o (Iy - Iz) ¢

v/

2
Toy = =3, (Ix'Iz)°

TGz =0

/

The total angular momentum (ﬁ) can be expressed in terms of the angular

momentum of the satellite body (iB) , angular momentum of the gyros (ﬁm), and
angular momentum component along the pitch axis (iw) » a8 follows:

(m), = (&), + (&), + (8,), + (&), (a.9)

But the angular momentum of the satellite body is given by

(B, = (3), - &, (a.20)
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(3 , = moment of inertia matrix about principal body axes.

o a—
I 0 0
X
- (o] I 0
y
..0 I z |

The angular velocity &n is found as follows:

- - -
0 #
®;n = Yo | * | ®
o .
N L'_.
or _ -
- oy
wn = e - mo
I '+ ® ¢_

Substituting the above terms into Equation (A.10) yields

I, B -« "]
(EB)A - |1 6-o) (A.11)
I, (¥ + o, 8)

The angular momentum of gyro i (1 = 1, 2) can be expressed as

(pydp = 10 * (g (A.12)



where

and

Q,16

Thus Equation (A.12) becomes

(EDi)A =

(ﬁbi)G =
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T
(QA,iG)-l = LsikJ]

= Lgijk]

€121
€s22

€123

€31 By
€32 0
833 °
(A.13)
(1 =1, 2)

where the g's are defined in Equation (A.4) and Hy, is the constant angular
momentum of the spin axis of gyro 1.

The pitch wheel provides: a-
pitch axis of the satellite and can be described as

constant angular momentum Bh along the
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0
&), = | & (A.18)
0

Combining Equations (A.11), (A.13), and (A.1l4) into Equation (A;9) yields

-Ix -, ¥)+L e, B,
(B),= I, (6 -w) +Z gy, By + B

I (4 +o, ) + T gy, By

_
I (- @, ¥) + T Cuy Gy Hy - ZAy Hpy (CBy Sy - Sy 8wy Q)

I, (0 -w)+H +TCu Su Hy +IA B (CB, Ca, + 5B, Bu, Sa,) (A.15)

I, (4 + o, #) - T Suy Hyy o+ ZA Hyy S, Cuy

and _
I (P -op¥) - ZA By, (B S - 8 Suy Oxy)
(8),=|T, (0) + A, B, (0B, Cx; + 5B, Suy &) (a.16)
I, (¥ -w $)+ZA H, B, Cu |
vhere 2
£ = )

The cross product EAM x (B) 5 becomes
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- . . l l
-ozs;zinm+m°¢[-1z+5-a-,:qn-a—,;zcuiminm]

2 1 1
+Po [-Iz+1y-agnm-ag20ui s H, |

- o, ZA; By, 8, Cuy + oy I Suy By

$ T su Hp +¥EOwy Oy By
?nmx(ﬁ) = (A.17)
+$ o L0y Oy By - §o T Su Hy

Substituting Equations (A.T), (A.8), (A.16), and (A.17) into Equation (A.6)
yields the following three component equations along the principal axis:

ia Component

. H
2 m 1
I §+fu, [u (Iy‘Iz)‘uT'm_ozc"is"‘iﬁm]

[+

. B a2 .
""mo[(ly'lx-:[z)"m—o'E;ECuiaxiﬂni]-stginm

. (A.18)
s Bpy (0B, Sa, - S8, 8w, 9"1) - @, TA By, 5B, Cuy '

+o, T su K, o= Ty
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ia. Component

.0 2 b
Iy°+3mo (Ix-:[z)0+¢£Suiﬂm+¢“’ozc“1minm (A.19)

*'zc"iminm'"”ozs“inm*nnbi[cﬂimi*sﬁis“ia’i]'%y

EaComponent
2 B o2
Li+tva, [Iy'Ix'E;'aTozc“ia"iHm]'ézc“iminm
vo pf1 +1 -1 +K—"‘+l—zc ) +TA 8, Cu, (A.20)
% I:x z Yy o Iy He :I.EMJ 1HD1 1M )

(o] o
- 0, TAy By (CBy Sy - 8B Swy Omy) 4@ T Cwy Oy By = Ty,

In Equation (A.18) through (A.20), the terms A, and A, are unknown. Thus

expressions for the gyro gimbal angles must be derived to complete the descrip-
tion. Since each gyro obeys the comservation of angular momentum principle,
the following relations can be written for the gimbal assembly of gyro i:

(Hgim)I = (mgim)I = (ZMgm)G (A.21)
(Hgim)I = Qe (Bsm)G (A.22)
wvhere

ﬁm = angular momentum of the gyro gimbal assembly,
= external moments acting on the gyro gimbal assembly,

Q’IG = transformation matrix from the gimbal axes of gyro i to the
geocentric inertial axes.
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Differentiating Equation (A.22) yields

Boni = %, [(Hgim)G M N (Hgim)G] (A.23)
Combining Equations (A.21) and (A.23) results in the following expression:

(H

x (igim)G = (n.‘sim)c

But the angular velocity of the gyro gimbal assembly is concentrated about its

spin axis, or

- -
Eps
(B)g = (Bydg =| © (4.25)
o~ o —
and
(ﬁgim)G =0

Moreover, the external torques on the gyro can be expressed as

(zMgim)x
(Z'.Mgim)G = (mgim)y (A.26)
'Di Ai - K1 Ai + Mgi
L J
where
Di = viscous damping coefficient of gyro i,

K, = spring constant of gyro i,

Msi = torque generator torque of gyro i exerted about its output axis,

and (EMgim)x and (EMgm)y are the sun of the x and y components of the torques
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exerted by the satellite on the gimbal assembly of gyro i. Because of the

linearizing small angle assumptions, only the torques exerted on the gimbal about
the gyro output axis (z 13) are required in the derivation. Equations (A.25) and
(A.26) are substituted into Equation (A.2l4) and the resulting equation about the

zi8 axis is given as follows:
mGyin'Di = 'DiAi'K1A1+Mgi (A.27)
where
mGyi = Yy component of “’I,G
The angular velocity of the gimbal assembly can be expressed as:
0 # 0
O = QGO o + QGA e 0 (A.28)
0 ¥ 1 Ai
But
%o = %,a " %Y,0 (a.29)

Substituting Equations (A.l), (A.2), and (A.28) into Equation (A.29) results in
the following relation for @, yi:

Wor = Bigy (P - ¥) + 85 (O - 1)) + 855 (¥ + 0, #) (a.30)
The desired differential equation describing the gimbal angle of gyro 1

can be obtained by substituting Equation (A.30) into (A.27). The results are

given as follows:
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Dy Ag + 4 [Ki - @ Hy 8] - Bpy [‘ 08, S, + %8, Su Cay] P
- 0, (Bpy 88, Cuy) § - By [CBi Cay + 5By Suy 3’1] 6
- Epy 9y Oug v B (- o8, my o+ s oo, ] ¢
+ @ Bpy [cai Coy + 38, Sy 3’1] - My (1=12,2) (a.31)

Equations (A.18), (A.19), (A.20), and (A.31) are the linear differential
equations that describe the motion of the satellite.

A.3 Reduction to Roll-Vee and Yaw-Vee Gyro Configurations

In the previous section the equations of motion were derived under the
assumption that the principal axes coincides with the body reference axes of the
satellite. This assumption imposes the condition that the sum of the angular
momentum of the gyros must be parallel to the pitch axis. Otherwise, the sum of
the angular momentum of the gyros will couple with the orbital angular velocity
and cause an unbalanced torque on the satellite. In this case » the unbalanced
torque will require a net non-zero gravity gradient torque at equilibrium and
thus will result in an undesired attitude error.

Figure A-3 illustrates the angular momentum relationships in an arbitrary
configuration of two gyros. It is noted that the angular momentum vectorsof the
body (I.iB) and the gyros (ﬁDi) are coplanar and satisfy the following relation:

iy S| = I, s )

where
T, = angle between ;a axis and angular momentum vector of gyro 1i.

In this section the study was limited to two specific gyro configurations:
a "Roll-Vee" and a "Yaw-Vee" orientation of the g&Yro cases. In the Roll-Vee
system the yaw-pitch plane contains the angular momentum vectors ﬁB’ ﬁDl’ §D2
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u,”-ﬂl

il

Plane of Aangular
Mcaoentum Vectors

<

Figure A-3. Arbitrary Configurstion of a Two Gyro Systea
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(see Figure A-4). In the Yaw-Vee system, the plane of the angular momentum
vectors is in the roll-pitch plane (see Figure A-5). These two configurations
may not be optimum; however, their characteristics will provide a starting basis
for comparisons with other gyro configuratioms.

Before reducing the set of equations of motion for the Roll-Vee and Yaw-Vee
systems, the following limitations are made to simplify the task:

L

By = Hp = H

(A.32)

n
!
(=]]--

e )

It is noted from Figure A-3 that the equal angular momentum of the gyros requires
that the magnitude of the case angle T[i be equal, or

Iyl = Il

The above relations are desirable not only from hardware considerations but also
from an optimization point of view.

From Figures A-4 and A-5 the following angular relations can be obtained
for the two gyro configurations:

Roll-Vee:

B, = B, = %° (A.33)



o~

‘Pitch-Yav Plane

Figure A-L4. Roll-Vee Gyro Configuration

ClEyl= 1Bl Imy) =f n,))

Roll-Yaw
Plane

Gyro Output
Axis

Figure A:5. Yav-Vee Gyro Configuration
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Y
Gyro Output Axis
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Yaw-Vee: \
Bl.ﬁz‘o
pl-uzno
T, = -|) = az20 (A.34)
a = N +a
% = P-a j

The equations of motion of the Roll-Vee and Yaw-Vee systems are obtained
by substituting the relations of Equations (A.32), (A.33), and (A.34) into
Equations (A.18), (A.19), (A.20), and (A.31). The results are presented as
follows:

Roll-Vee:
. :
2 2HC
I §+a [u(xy-zz)-m—:-—imojys
+ [I-I-I-g-n-—-mc]i-a)ﬂc( +A) = T (A.35)
oLy X z o @ o Bk (A 2 dx *
Iy3+3m°2 (Ix-Iz)O+HSu (i\z-Al) = Ty (A.36)

)

—J

. 2 B eme
L ¥+a [Iy-I B ZEH]

X
o o

=]

m 2HC - :
-wo[Iy-Ix-Iz-‘D—-—‘B;ﬁ]¢+HCp(A1+A2) - T, (A.37)

o

D (Az - ﬂl) + [k - o HCu] (4, - A) = -2HSud + 2w, BSu - My + Mo (A.38)
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D (A + Ap) + [K - o, HCu] (R + &) = 20 HOW + 2HChj + My + M,  (A.39)

Yaw-Vee:
I ¢ 21&1-1 -il‘i-_a.gﬂ
xd*wo[(y z) ®, m°]¢
‘o [I-I-I-i"i-@] - B (A +A) = T (A.140)
oLy b'd z o w, dx
1y5+3u>°2 (L, - I) ¢ - B (k) - &) = Ty (A.41)
¥ a1, - 2 - 22
- o, [1,1,- Iz-m—m-zm"]é-wo Hox (A +A) = T, (a.k2)

D(i.l-/lz) {K-moﬂm](Al-Az) - -zns::6+anons:z+mgl-msa (A.43)

D(A1+A2)+[K-monca:] (A, +4;) = -230a$3+?m°H0at+Mgl+Mgz (A.b4

In either configuration, the above set of equations represent a third order
system describing motion about the body pitch axis and a fifth order system
describing motion about the body roll-yaw axes.

It is evident that the pitch motion depends on the out of phase, or
"scissoring", motion of the gyro gimbals, given by the difference angle (A1 - Az).
On the other hand, the roll-yaw motion depends only on the in-phase gimbal motion,
given by the sum angle (A1 + AZ)’ The similarity in the equations between the
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two configurations merely reflects the fact that a 90° rotation of the Roll-Vee
gyro axes about the pitch axis results in a Yaw-Vee system.

At this point it is proper to cite the problem of maintaining the gyro's
spin axis at the angle 111 relative to the pitch axis. During a given orbit,
each gyro experiences body torques which can cause its spin vector to precess
toward the spin axis of the satellite. Without some compensation, the gyro's
spin vector cannot be maintained at the nominal skew angle 111 which is necessary
for three axis damping.

One means of maintaining the nominal skew angle is to provide a constant
torque from the torque generator of each gyro. In this case, the torque genera-
tor provides a torque whose magnitude is given by @y HD:I. S 111, or

Mgl = moﬂblsnl
Mgz = u’oH'DZS.nZ

Substituting the about relations into Equations (A.38), (A.39), (A.43), and
(A.4Y4) indicates that the torque generator removes the constant forcing terms
in the gimbal equations. As a result, the gimbals of each gyro are nulled at
).

the skewed case axes (xic’ Yie? %40

Another means of maintaining the nominal skew angle is to employ relatively
stiff springs between the gyro's case and gimbal. In this case a torque
generator output is not required, or

M = M = 0
gl g2
Substituting the above relations into Equations (A.38), (A.39), (A.43), and
(A.44) indicates that a constant forcing term remains in the gimbal equations.
Consequently, the small angle gyro motion is perturbed about the following

non-zero angle:
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Roll-Vee:
-2 mo HSu
A - A = g @ Hou
Yawv-Vee:

-2 HSx
S V-
A -4 Ko Ha

In this case a relatively large value of spring constant is required to limit
the above angular excursion to small angles. However, a stiff spring restraint
restricts the relative motion between the gimbal and satellite body. As a
result, the gyro control system will be highly underdamped, a condition which is
undesirable in terms of the system's transient response. Thus, a control system
with a torque generator is assumed in this study to permit a range of gyro
spring constants which provide acceptable damping characteristics.

A.l Reduction to Roll and Yaw Gyro Configurations

The system under study consists of a satellite with a ritch momentum wheel
and a single control moment gyro. The &ro configuration is restricted to class
in which the spin axis is nominally along the negative pitch axis, and the &Yro
output axis is along the roll or yaw exis. In this configuration the single
control moment gyro will damp motion only about the roll and yaw axes. It is
assumed that motion along the pitch axis is damped by another device. Since
roll-yaw motion is uncoupled from pitch motion under small angle behavior, the
system's small angle performance in the roll-yaw axes and in the pitch axis can
be investigated independently.

The single control moment gyro systems under study are the so-called "Roll"
and "Yaw" gyro systems. As shown in Figures A-6 and A-T, the Roll and Yaw
systems are analogous to Roll-Vee and Yaw-Vee systems » respectively, in regards
to the orientation of the gyro's output axis. 1In fact, it will be shown that a
two gyro Roll-Vee and Yaw-Vee system can be made equivalent to the Roll and
Yav system by setting the gyro skew angle t0 zero (p=q = 180°) and by removing
one of the two gyros.



~

8427-6005-RUC0O

Page 69
Gyro Input Axis ) Hy
Hm Gyro Spin Axis

Figure A-6. Gyro Or

1)

- x
a

Gyro Output Axis

ientation of the Roll System

Gyro Input Axis

Gyro Output Axis

Figure A-7, Gyro Orientation of the Yav System
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In terms of the nomenclature used in the previous section, the following

relationship are written for the Roll and Yaw gyro systems:

Roll System: Yaw System:
a =8 = -9° a = -9
=0 U Bi -0
I = & By =
Dl = Do D.1 = Do
Kl = Ko Kl = Ko

Substituting the above relations into the generalized equations of motion for
the two gyro system ylelds the following equations which describes the motion

about the roll and yaw axes for the single gyro system:

Roll System:

H H
p 2 m 0
de=1x¢+m° [h(Iy-Iz)-&;+E;:l¢

B H
m o] ¢
+wo[1y-1x-1z'5_+a')_]'+monoA1

o]
[+

o 2 Hm Ho
sz = Iz'+m° [Iy'Ix-aTo"'m—o]'

B H
m [+) b *
-mo[Iy I Iz-m°+m—°]¢-B°Al

D°A1+[K°+(D°B°]A1+CD°H°¢+H°' =0
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Yaw System:
E H
2 [ m
Ty = Ixa«u-mo [h(Iy-Iz)-c»aTo--c-‘:]¢
B, By . .
+w [I -1 -I +-=2-—|y+H (A.48)
o[y X 2z o mo] oAl
H §
o 2 o) m
7, = L V+a [Iy-1x+§-a-)—]g
[+
B, E-,
[+
-mo[Iy-Ix-Iz+5;-‘-x):]¢+m°n° (A.49)
DOA1+[K°+0)°H°]A1-H°¢+&°H°' =0 (A.50)

To obtain the above equation in terms of a laplace transform matrix, the
following definitions are made:

b - X
I
Yy
Iz
c = T-
h 4
Ho
h =
(] 4;!)01y
Ko Ho
A = + —
(] woDo Do
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|

(]
o
—

]

L
°e|o-
al™

Substituting the above relations into Equations (A.4l) to (A.50) yields the
following normalized equations:

Roll System:
— - - r— -
b p? + 4(1-c) +h_-m (2-b-c+h -m) p h ) Tax
P ) o () © ZI
oY
2 Taz
- (1-b-c+ho-m) P ep +1—b+h°-m -hop Vv = 2
a.)o Iy
YO YO P p+)‘O_J A].J 0 J
Yaw System:
- r -
[ T
bp2+1+ (1-c)+h_-m (1-b-c+h -m) p b p |§ dx
o (o} o ® ZI
oY
2 Taz
- (1-b-c+h _-m) p cp +1-b+h_-m h ¥ =
() o (> © 21
I 4
Yo P Yo P AIJ 0

The form of the above equations for the single gyro Roll and Yaw systems
is exactly the same as that for the two gyro Roll-Vee and Yaw-Vee systems,
respectively. In fact, the two gyro system can be made equivalent to the single
gyro system when the following relations are observed:
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p = a = 180°

With the above relations in mind, all of the roll-yaw stability conditions and
gain expressions derived for the two gyro system can be utilized for the single
gyro system. Consequently, the behavior of the Roll and Yaw gyro systems can be
described as special cases of Roll-Vee and Yaw-Vee systems.
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APPENDIX B

List of On-Line Computer Figures

Title
Error/Torque Gain Vs. Normalized Frequency
(Roll-Vee System: Parameter = Normalized Spring Constant)

Error/Tbrque Gain Vs. Normalized Frequency
{Yaw-Vee System: Parameter = Normalized Spring Constant)

Error/Torque Gain Vs. Normalized Frequency
(Roll-Vee System: Parameter = Normalized Roll Inertia)

Error/Torque Gain Vs. Normalized Frequency
(Yaw-Vee System: Parameter = Normalized Roll Inertia)

Error/Torque G in Vs. Normalized Frequency
(Roll-vee System: Parameter = Normalized Yaw Inertia)

Error/Torque Gain Vs. Normalized Frequency
(Yaw-Vee System: Parameter = Normalized Yaw Inertia)

Error/Torque Gein Vs. Normalized Frequency
(Roll-Vee System: Parameter = Case Angle)

Error/Torque Gain Vs. Normalized Frequency
(Yaw-Vee Systom: Parameter = Crse Angle)

Error/Torque G in Vs. Normelized Frequency
(Roll-Vee System: Parameter = Gyro Gein)

Error/Torque Gain Vs. Normalized Frequency
(Yaw-Vee System: Parameter = Gyro Gain)

Error/Torque Gain Vs. Normalized Frequency
(Roll-Vee System: Parameter = Normalized Gyro Momentum)
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Title
Error/Torque Gain Ve. Normalized Frequency
(Yaw-Vee System: Parameter = Normalized Gyro Momentum)

Error/Torque Gain Vs. Normalized Frequency
(Roll-Vee System: Parameter = Normalized Pitch Wheel
Momentum)

Error/Tbrque Gain Vs. Normalized Frequency
(Yaw-Vee System: Parameter = Normalized Pitch Wheel
Momentum)

Weighted Pitch Error Vs. Normalized Gyro Momentum
(Roll-Vee & Yaw-Vee Systems: Parameter = Normalized
Spring Constent)

Weighted Roll-Yaw Errors Vs. Normslized Gyro Momentum
(Roll-Vee & Yaw-Vee Systems: Paremeter = Gyro Gain)

Weighted Errors Vs. Normalized Roll Inertia
(Roll-Vee System: Parameter = Normalized Yaw Inertia)

Weighted Roll-Yaw Errors Vs. Normslized Roll Inertia
(Yaw-Vee System: Perameter = Normalized Yew Inertia)

Weighted Roll-Yaw Errors Vs. Normelized Roll Imertia
(Yaw-Vee System: Parameter = Normalized Spring Constant)

Weighted Roll-Yaw Errors Vs. Normalized Gyro Momentum
(Roll-Vee & Yaw-Vee Systems: Paramster = Normalized
Pitch Wheel Momentum)

Weighted Roll-Yaw Errors Vs. Normalized Gyro Momentum
(Roll & Yaw Systems: Parameter = Normalized Pitch
Wheel Momentum)
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Title
Weighted Roll-Yaw Errors Vs. Normalized Yaw Inertia
(Roll System: Parameter = Normalized Gyro Momentum)

Weighted Roll-Yaw Errors Vs. Normalized Spring Constant
(Yew System: Parameter = Normalized Gyro Momentum)

Weighted Roll-Yaw Errors Vs. Normalized Gyro Momentum
(Roll System: Perameter = Normalized Roll Inertia)



8427-6005-RUD00

Page T7

‘ a ) S qem 1o I I
o022 =D=1 ITa 5 Y = T 210 = =5 ‘0 = Ea Gn° = MM ‘T = * 1-g¢ 3ty
: 1

:7._(z)r.5:JJ IA- 1"AN .An . N :1.;C:7)ﬂL:JJ A ont‘
L S , mv ,;H., - L

11Z NNY . o ) ' 112 NOY

ANVLSND ONI NS *WMHON = 4 ..rz,.:.wzou ONIBdS  “WMON T. 4
© T 3OS X fe = JIYIS A . e T = 3WDS X 7 = 31vwIdS A
ADNIN®IY S U321 IvWyON  « - -, , . <+ CADNIN®I¥ 3 Q32 IYHNOMN

: SA HOHY) MVYA-MVA e . Viu w) \.DGQU MY A~ Ja.:vvb

e TTZ MO

..rz<._.wzo.,oz_zw . . ."hzﬁrwzoufaz.mam.txazu.x,

TR a0 x i T-1TY0s A , .2 3728 x 2 T 3I¥aS A
S ADNIND N4 QUN_J(!&OZ e R PUZ DGU¥M Duq_J(taoZ .
. SA uonyl gaukﬂJJok ) , o TA FLIM3 rOLich-.




8427-6005-RUOC00

Page T3

Lo o £ o Iy Iy
a € I m 4 . = m = I 4 ¢ °* = IW ¢ - - 3 it
L =p=r fr=g radD orrr 24T o i ‘60 z T nw 2-g oumi-:

NOIAVNND I INOD 3JIA-MYA.

- NOLLYNNDH3INOT 3IA-MVA

T AR R s , 01 0L 10 =
S o O , LANVISNOD ON1 4dS- ._maoz
. ANVLSNOD oz_«nw SHON "= oy DT St X 40_37v0S % = 37wSs &

=325 x dv = 3vos A ; ADNIND3N4 GIZIVREON
4 CAININDIAS Q321 IVRAON i - < - . S SA HOUMI MYA-TII02
SA 2O¥UT MYA-MVA® Y

}

A zow+<¢:w.u:ouﬂuu)|:<>

‘ or o1 T .
»w<»mzou Qi dag_EHdoN : R
IS x = 35 A . ‘
. : . . " i })ZUDQU“.&
By A A BT [T T wHON SA w0883 W3Lie




8l427-6005-RUCOO

Page 79

RN (.,.:.uz., Ao

S3WOS X ST T 3OS A .
. ADNINDIY 4 *WYON
SA ¥0ua3. I(*II(?.

ZO ' .r(éiq UH«IJJQ'.

SN mou z:l
o.a oA 9°*
X wiLINT V08 .
«“uatuu X %t = 3T7VOS A
AJN3INDIYE "HAON
A QU483 I1I0W~ 0¥

-

I

£60* = = fT‘g"‘9* = ﬂH. f-g 3"

z

Y NOIAVMND T N0 TIA=T0e

Do r . wo«ozac
- Lv . ~
. (mwxuz. Moy
3OS xSt _= 3IwdS
T AJNINDIUI - “WHON - -
,m)toc&“z(>t.-.5“.




8427-6005-RU000
Page 8C

- L) = M.
o022 = D=1 1

=R
(1Y
-

L ]

NO1AVHEND 1 INOD IJA~MVA

90Z NNy
o°*Y 0L 9-

NOLLVNND 1 4NOD JIA~MVYA

90T NNM

YILYIN
3v2S A ¢
\IONINDJu 4
SA sOu¥3 No¥~-110yd

K
I hH

mmOO - m.' MHRQOR@. - le 4'“

I I

NOYAVEND | 3HO0D JIA-MVYA

$0Z NN
0l 04 9"
S VYILHING 0y "WUON

& = 3I¥IS a %e = 3WIS A

ADNINDINY *WUON
SA 80uu3 MVA-TII0Y

NO EAVAEND I INOD JIJA-MVYA

- 20Z NOM.
1 Y08 *MuON = 3
S X T = JIvIS k&
D3u4 AIZ 1 IVHYON

SA 408M3 HOLid

aImatg



842 7-6005-RU000

Page 81

NOILVHND I 0D IIA=TIAN

80Z NNY
THYON = I .
= 3Vv2S A : S
“HYUN . : ADNINO IS °*HUON
B SA d058] MYA—HYA

NO I AVAND 1 4NOD IIA-IT0M

) 80Z NNY » i 20Z NNY

L. WILLEING MYA CHAON = DX . . VILEINTI MVA *WEON = I

SZTE 3IVOS T = 23vDS A . ) o IS x T = 3IvO3 A
L WONINDIYS *HaoN SRR C o . ADNINOJYA_ *HUON

S SA a0dul_ Yow—1l0¥. T X - T SA 20383 MOLI &

} ..WO =Y "




8427-6005-RUOOO

Page 82

" NOILVEND) MOD ITA-HVA -

5

20Z NOW " VILNINE MVA HNON = D |

) WILHING MYA *WHON = 3 g L0Z NN
S JIPOS X e = VIS AL - L T IS X fe = 3OS A
- AJNIANOIYS °“WAON . . y . ; AININDIE S “WUON
SA OBHMT HMVYA—MVYA e S SA 208481 MVA-IT08

NOLAVEOD ) MO TIA-MVA

20Z NNW . ' 208 NNY

VILEINI BYA *NEON = O k- : WIIBING NVA  WHEO0N = D
S DIVIS x ‘s = 3OS A L d . S 3OS m AT = QTVIS A
N ADNINOIAS “HAON 3 . AJNINDINS *WIEON-
Y SA 30d¥I. V10w 1O o SA 30483 HILid




7-6055-RUOCO

Paée 83

a.

QOM2* ,022¢ 0Tz = & = ™ :um 2L 020 0L oo al a2l (g amiyg

. T

' QﬁN 23«
@3] uJuz( ISV 7
u =’ u;(Um X $2.=7 3OS A
T ASNIAN AN WO

Sl SA 3043 KYA—-IT0W:

U NOFAVEAO ANGT JIA-TI08

S zo_k<¢su.uzou;uu>r440r.

: - onN ZD“
- ..wuu&Uuov\UJozt JSv¥D = o .
- OXIWOS X% "L = JIv)IS A
. AJNIND I 3
nuN..Zt&oz,m)coazuxu.rnc.,

A .‘ o~N ZDB .
(D30Q) - UJoz(.um(u 0w = p -
<08 3OS Xt = 3Tvos o
T gAAZNINDINg uyoN T
L SA B0843 101703 .




-6002~-RUOOO

7

-
<

[
Page 84

NOILYHND ) INGD IIA-MVA T NOIAWEND 1 4HOD IIA-mMVA

602 z:c‘f . R . 6oz
030 31oNv 3595 2 Bt el £30) -3ToNvY 3995
3I¥ds x ‘9 = 37vIdS A 5 EEN VIS X *s =T 3IvOs a
ADNINDOM S Q32 1 IVKAUON T S ADNIND I 4 *WHEON
. SA BOUUI MYA—MVA S : J RTINS Wal-£1A

S I3A-mva

€0Z o8P0 NNy - e 502 NN

DI Juz( ISvyd = o, : : Amuu&ouov UJoz< um Yy = »
S STV i : 7 ="3790s5 4
CADNINBIU Y 03Z 1 IVWAUON : S DNIND3IYS *WON
R T eoa&u JJOﬁcJJou\, . : SA D0¥MI - HILIG

T —




8427 -6005-RU000
Page 85

R ‘
wzo.»(xau..uzou,uu?...ﬁox

w.. R . - AR ST o .ﬁ@ . ‘w .OOn;Zbﬁu

i S NIYD 0¥AD wn N . L ‘ ZnMu ow»wuw W
@ = cet ] el e L T= 3OS X =
uuwmwaﬂuxm.Muwuxwwmuz» ) o AINIQDIYS 33T IVHHON

- SA U0 HMVA—MVYA ' . : . L ' SA 20433 MYA-II03.

ZO.»(!DJ.&ZQU JI3A-T100

001 NNX

z_<Uo«>uuo

= JVOS X ‘t = 37wos A
AININD Iy 4

WUON SA %0333 70




8427-6005-RUC0O
Page 86

A A
A gl or-g smIug
z X

I I

HB ) EVMAN L 1A 114y
v, . .

oo R e ) L T AT, PV
_ U 00Z Nay, .
‘ . o S RS . ¢ = NIVYD 5MAD
© NIvo W AD = o U . T = 3IVOS X b = DS A
T=IWVOE X % ‘v = JWIS A - R : ADNIND I+ d3Z2 1 TYWAUON
ADRINBINS 7321 wvndoN" . o SA HOM¥] MvYA-TT0N
SA HOHYI MYA-MVYA : 3

B TUNAA T 183 TIa—reya

BB BUNND L 41N T mnyy

INT o
1IN NAY
NIVD JYAD =
= ONIYD O¥AD T = IWIT x ‘T T 37908 A
JvDe X ' = JAVYIS A AININAD 24
ADNINBI S ADZ1 2VHNON , CITIIVHUON SA 43483 HOL1 4
SA No0BMN2 Ton-1TIny

S oL T



8l427-6005-RUCOO

Page 87

Doy pvann s A Y Hic YA

NOININOW

L _HWOLNIWCH Q&JU

Z=37vDs x_ & 2
R ADNDIGT U2 I271 IYWUON -
: S Rt ] MWASHMVYA

: T Tome vvoss , . LT e .

- ' el N i T T HOLN IHOW OWATY. N M
o JHOUNIHOW OUAT " *WAON = 1o . RN H,.—.u:u.ﬂvﬁh. -t = w-w,\uw.,)r» :
R A 130303 A , . o ASNINGTaS.
PINS JITeVHION - PR ; - MY '

SA ackn3 Tiog- oW HO3ZITVMBOR: SR MONS3, ROk




8427-6005-RUCOO

Page 88

!7-—(!)3.;:)J‘JJ\!I<h

i

B

Z2Z NNy
HOLNIWOM OYAD *hyON = -

Z = 3WwDr o« 4y = JIvds A

ADNIND Y 4 J321 IVYRYON ¢
SA ¥ VD4~ 1710Y

T —————_re— 4 v, —-
X - IQ}V

IR EvHAS G A YA vk

et ZoZ NNB
HOLNIHOK ‘OYAD *WwHON = 1

= 3WDRC K Y = 3vOdSs Al
ADNTINQ3uA J371 7 VYREON

. SA HOUMNI MVA—MVYA

S5 NOTAVEND ¥ ANOD . JIA-MK:

Z0Z NN

HALNINOW OMAD el iON = W -

T = 3729 X ¢ = Jyos A
© ADN3INDId4 GIZ1 IVRUCN

. SA JOHYDZ HvaA—-Il0M

ey g ane y 4hASd Yy ta gy -

C 0T NOM
HOAANT Tl OCRD *w 40N = ro
= T AT T 3NIS A
, IINn3ae
A3ZiIWNECH TA AT ™31 HILkd




()
i
Sis

HOLNIWOW '

HOLtd ‘HHON =. M8
$Z.= 3IVIT AwiKiw

ANInOIua ¢ :

ber Buint ranas 18-V me:

£0Z NO»
: HOLNIWOK
AIIHN HOL 1D “WNON = e
3IVDIE X A1 = 3vDs A
AONIND IV s "WON
SSA AOBMI IWa-TI0W

[ ———p——— et

¢
.

I

X

I

£1-g o



8427-6005-RUCOO

Page &<

woz. NA . £ o
“xIDFzUtoz R . *HON- =W
U CHYON . , 3I¥DS A
=3IVIS AR H ; : >uzuaumu‘.zoz
>uzucumu4.xmoz L ’ ; JISAHOUYT MVA-TTTON
m>\zoaau‘:(>|x(> . : R SO

NOILVAND | SNOD JIA~MYA

¢0N23“
HNLNIHOW
: TI3IHM HOLtd WAON = W
. Z=X 40 3WDS ¢ = 3Tyos A
t ADNINDIM A  °WAUON
SA ¥o¥u3l Noy-T0M




8427-6005-RUCCO

Page 91

£
Qz=n=noT=g 60 Ta—g— "

¥ , S 501 NAM

AINVISNOD DNIHAS °“WAON = X

Z = 37VYDS A

’ WALNIHOW 0YAD
m)&O!xUIUr~1OUFIO_u1_

»NT MO

INVLISNOD OMI A4S *HAON = 4
Z T JTYIS A

WOLNINOW JHAD

SA HOAMI HDLI4 I3LHDIIM

o K
1°0 ( regio = L0 ¢ 0w L0 ¢ g =k 0T = g T8 AR
H



PR
-

8427-6005-RUC0O
Page

S INT. NN

Z.(U YLD = 9
. T I0VYOs A -

ID..,ZUIOI 2HAD
SA &ozzuwt(\r Auuhxd_ux

.‘ ,, ' . e e B
—

0T N

= 39vDs AT e . . : . HALNTWORN O 2AD
. HOLNIWOW - 08AD - 5007 ( . ozcu 440# Qubxv,u
SA uoyu YA uurxoru:: , Tl

T NIYD daas =9 . 1 . R ENE I s

—— e by s




|

8L27-6005-RUOOO

Page 93

£
Lo £o & I ¢

Hlm—- 2= Im Qoa 0= I1® e 2 f¢p° == 0°T0Y9 = Pﬁlﬁég
H H 0= " 1 I

T NG LYHAN L 4tD 3IA-T0Y

» R
DTT. NNA
MYA THMON = D

AP kLT L AV
wilg3ING 1702  *WUON

SA BOG43 170y TILRDLIM

NG 11VIAN T 4HAD J1IA~TT0N .
ATT NOB

ATT NN VI1UINT MVA .EMOJZUM N
. = e T -z = 3

VILHING MvA N S 3 4 o VILEING 0N THION
YILEAND 910y *HAON . , " §A 2§0¥a3 HOLId 33LHDI3

SA YDYAUI MVA T3UNDI3M

.




-RUIICD

AT

Foi

VA EaINT
SAY0UNT

~

A

6° 03 ¢ =

L

61-4 amiry



OZepanioT=3i60 T

-
[
-

34277-6005-RU000

AL

zo.k(mbo.uZoU uu)l!(

80T NOY-

SVI8 N33HM HOLlid = W
Z = 3v2S A
HOLNIHOKW 0JAD

Q -
oomm sCet Q1= "
NBLIVMIND ) 44189 JIr-TTnN

20T NAN
svye’ JUth HJLld = W

Z = JIVIS A

A LNIWOW CH3AD

SA ¥OM¥1 HMYA QILHOIOW

a hos
“msd.hml.

Ty £
Ko 1

{n-f2-‘0 = —g— £ 60" = 5= { 0T =3~ 02-€ JMIYJ

H I I

1 = UJ(UW A
. IDFZutOI QYAD
>. &OC&Q JJO& OUFIU-U;

0 £ o £ £
02 ¢ g-'n=rz-‘0 = 4= ¢o* = mm ot = mm.
)i

NEBL LVMAA T MAY . FIA-TIN6.,<

- zow Nea
_svaq ..u.:..x MOLIde = Wy
P = 3Iv09 A
WALNIHOW JUAD
A N.O“@U. JJ3~_ QUFIU_UI&



mom ZD~.

NOLINIWOW | 4uuxx.zu»~n
¢ =
WO LN
- SA mocmu My L.

NETIYIND L 41h Y 37A~110s

. YA .N0Z uny.
I t:»zuzox 4uurx Iur_a =

L. L= v 2s
Do HOINTROL 0y
m>.koeau ;<> uu»:U.Lz‘

= e

4zo,h<x:0.;:ouvuu>ud<>A

9 E}Uﬂ
uuf&OwU“J

T anz. zD“
JUur:.o HoLtd = %
Z = 37was A
. CHRLINIATW DRAS
eouuu 1702 oukIQ.ul

aandry



8427-6005-RUOCO

Page 97

£ o S hHoa >.H hH
0 = = Tq° 03 T0° = 3= 0°1 = ¢~ 22-¢ ATl




127-0005-10000

‘ege 96

-

0°T = “Im. €2-q amarg
I

NCIHIYMNDY 400D JJA~MY A

$5Z N0Y Y e o
_HUON = W : DT HALNINOR TONAD fHNON = R

CINVLSNOD ONGygST non choe T Z = 37vds A .

ANV N ONI 4SS - "HUON . - . T M
2. : T T ANWLISNOD ONT DS ‘HAON
SN UOBYT MvA EER AL L DA HO¥BT. A0 A3LA0 | IM

HWALNIWNOW DYAD

-~



8427-6005-RUDC0
Page 99

K o £ hH
.« = o1 €qe —_ -g 3IN3ITJ

H I I

NOITAVIND | 4103 JIA-T10Y

£0Z NNY¥

CVILEING 09 waoN = g
‘ © g = 37vos A
HALNIHOW QA0 -

LT SA HOYYI HYA.G3LHD L IM







8427-6005-RU000
Page 100

APPENDIX C
Parameters for a Reaction Wheel Damped Gravity Gradient

Stabilized Satellite

This Appendix presents the equations for a reaction wheel damped gravity
gradient stabilized satellite. The parameters which minimize the weighted
attitude errors defined in Section 3.3 are summarized. These weighted attitude
errors are used for comparisons with gyro damped system in Section 4.3.

Two reaction wheel configurations are considered. The first uses three
reaction wheels; one located about each control axis pitch, yaw and roll. The
pitch and roll reaction wheel momentum is controlled proportional to the pitch
and roll attitude error. These signals are assumed to be derived from an atti-
tude sensor. The wheel control torque then is proportional to the pitch and
roll attitude rates. For the frequencies of interest in this analysis, lags
in the reaction wheel, sensors, etc. are negligible. Yaw attitude information
is assumed to be derived from a gyro compass. This consists of a rate gyro
located with its input axis nearly along the roll axis. The input axis is
tilted upward slightly in the x-z plane to obtain yaw rate information as well.
This is done for high frequency stability purposes and is of little consegquence
here. The output of the gyro for small angles is given in Equation (C.1).

w, = - Se (¢ + w, ) + Ce (¢ - @ ¥) (c.1)

where ¢ is the gyro tilt angle with respect to the roll axis.

The second system consists of only two reaction wheels along the pitch and
roll axes. The same attitude error signals are used as inputs. Yaw control is
achieved through the use of pitch momentum bias.

Equations (C.2) and (C.3) below describe the small angle behavior of the
reaction wheel systems and are taken from Reference 6. They have been suitably
normalized to be consistent with the gyro equations derived in Appendix A.
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P+, p+3(b-c)]o - —3
y I w
y ©

K
vhere ky = I—i— the normalized pitch reaction vheel gain
y o

Ky = pitch reaction wheel gain (ft-lb-sec/rad)
Roll-Yaw

[bp2+(kx+ Cekz)p-th(l-c)-m-se kz]¢

Tax

-{(b+c+m+ 8¢ kz-l)p+Ce kzlt- >
Iw

Y o

(- Cekzp2+(b+c+m+Se kz-l)p+kx]¢

2 sz
+[(c+sekz)p + Ce !:zp+l-b-m]v= >
Iw

Yy o

the normalized roll reaction wheel gain

Yy o

K. = roll reaction wheel gain (ft-lb-sec/rad)

x
Kz

kz = 3 the normalized yaw reaction wheel gain
I o
Yy o

K = yaw reaction wheel gain (ft-lb-sec/rad/sec)

(c.2)

(c.3)
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The pitch equation is easily optimized for best performance. Best zero
frequency gain is obtained when the inertia ratios are b = 1 and ¢ = O.
Attitude errors for disturbance torques at multiples of orbit rate are minimized
for large reaction wheel gains. The studies of Reference 6 indicated a
practical limit on ky was about 50. Figure C-1 shows the weighted attitude
errors as a function of the normalized pitch reaction wheel gain. B8Since for
the systems under consideration some yaw inertia exists, ratios of b = 1
and ¢ = .05 were used.

The roll-yaw equations (C.2) and (C.3) were analyzed in a manner similar
to the gyro study. A short digital program was written for the PB 250 computer
to determine frequency response at multiples of orbit rate. Figures C-2 and
C~-3 are plots of the weighted attitude errors for the three reactiocn vheel
and two reaction wheel systems. The gyro tilt angle was assumed to be zero
for the purposes of this analysis. Again, it was assumed a practicel upper
limit on normalized momentum and reaction wheel gains was 50.
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Figure Cl - Weighted Pitch Error ve. Normalized Pitch Wheel Gain
b = 1, c = 005
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z;& Note: For parameter range considered weighted roll
€ error is practically independent of k,
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Figure C2a
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Figure C2b

Weighted Roll and Yav Errors vs. Normalized Roll Wheel Gain
Three Reaction Wheels

b-l, c-.05
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A Note: For values of m > 5 weighted roll error
is practically independent of roll
z ¢ wheel gain
€
1.0¢
+ + + t +—>
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m
Figure C3a
A
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Pigure C3b

Weighted Roll-Yaw Errors vs. Normalized Roll Wheel Gain
Two Reaction Wheels
b=l ¢c=.05









